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DIFFERENTIATION

< The essence of calculus is the derivative.
The derivative is the instantaneous rate of change of a
function with respect to one of its variables.

« The derivative of a function y = f(x) of a variable xis a
measure of the rate at which the value y of
the function changes with respect to the change of the
variable x. It is called the derivative of f with respect to x.



Basic Derivatives Rules

Constant Rule- gx—(c) - O
z =3
Constant NMualriple Rule: E—[cf(x)] = &J ()
Power Rule: i(x") = 1
x
Sum Rule: %[f(x)+ g(x)] = F(x) = g'(x)

Difference Rule: %[f(x) —2(x)] = £ (x)— g'(x)

Product Rule: " [0 200] = FGO &)+ g7 ()

- . & | ) | _ =) F(x) — g ")
Quotient Rule: o= R TIES

Chain Rule: % FCe(x) — F (alx))g'(x)




FUNCTION DERIVATIVES

- 2 npe(p)

> y=el® 2 = f(x)(e)f @

> y =loglf(x)] o=l

> y = sin(f(x)) <2 = f(x) coslf (x)]
> y = cos(f(x)) L = —f(x) sinlf ()]

> y = tan(f(x)) o = fx)sec?lf(x)]

>y = cot(f(x)) & = —f(x)cosec?(f(x)]






Trigonometric Identities

Quotient Identities

Reciprocal Identities

Pythagorean Identities

sin® @+cos’ =1
tan’@+1=sec’ @
1+cot’ @=csc’ @

Sum ldentities
Addition Formulas

sin(a+b)=sinacosb+cosasin b
cos(a+b)=cosacos b—sinasin b
tana +tand

tan(a+b)= ———
l-tanatan b

Difference Identities
Subtraction Formulas

sin(a@—b) =sin acosbh—cosasin b
cos(a—b)=cosacosb+sinasinb
tana—tanb

tan(a—b)=——
l+tanatanbd

Double Angle Formulas
sin 2a =2sinacos a
cos2a=cos’ a—sin’ a

=2cos’ a-1
=1-2sin’a
2tana

tan2a=———
1-tan"a




Co-function Identities
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Even-Odd Identities
sin(—-@)=-siné
cos(~@)=cos®
tan(-6) =—tan @
csc(—8)=—csc@
sec(-@)=secd
cot(—@) = —cot@

Half-Angle Formulas

NN =

2 2
e 1—cosé@
tan| — | = -
2 sin @
sin &
l1+cosé@
Ak 1—-cosé@

b

a+b

cosa—cosh= —lsin(a;-b

Sum-to-Product Formulas
sina+sinb= Zﬁn(%]cos(a—-bj
sina—sinb= Zsm(aT—b)cos[ a+b)

cosa+cosb= 2cos(T ]cos(—]

)=(5)

2

>

a-b
2

Product-to-Sum Formulas

sinasin b = %[cos(a— b)—cos(a+b)]
cosacosh = %[cos(a— b)+ cos(a + b)]
sinacosb = %[sin(a +b) +sin(a —b)]

cosasinb = %[sin(a +b)—sm(a —b)]




SUCCESSIVE DIFFERENTIATION

Successive Differentiation 1is the process of differentiating a given function successively
n times and the results of such differentiation are called successive derivatives. The
higher order differential coefficients are of utmost importance in scientific and
engineering applications.
Let f(x) be a differentiable function and let its successive derivatives be denoted by
OO, f'(x), ... [P >x) .

Common notations of higher order Derivatives of y = f(x)

1* Derivative: f'(x) ory ory, or % or Dy

nd gl 1 r dzy 2

27" Derivative: f'(x) or y" or y; or 2 o D=y
n'™ Derivative: % (x) or y™ or y, or LY or D"y

dxll




Calculation Of nt" Derivatives

i. n'™ Derivative of e™

Lety = e
vy = ae™
Vo = a’e®*

Yo = a" e

ii. n'™ Derivative of (ax +b)™, misa +ve integer greater than n
Lety=(ax +b)™
vy = ma(ax +b)™1
v, = m(m — 1)a?(ax + b)™ 2
u |

. =Ny m-n
v, = m(m—1)..(m —n+ 1)a™(ax + b)™™ -(m-n,l!a (ax+b)




iii. n™ Derivative of y = log(ax + b) NOTE: if y=——
(ax+b)
Let v = log(ax + b) —a2
a PO
Vi = e V1= lax + b)?
b —-a? 2!(13
R == 2 B R ———
(axtp) (ax + b)®
Ys = Garoy
, = (—1)"—1 (n—1)la™ y =M

iv. n'" Derivative of y = sin(ax + b)
Let y = sin(ax + b)
v; = acos(ax + b) = asin (a.r +b +-;£

— A2 ' 8N __ o . 2n
_3‘,2_ a cos(a.x +b+2)—a sm(a,x-!-b+ =

Vv, = a® sin (a.\' + b+ -’%‘-
Similarly if y = cos(ax + b)

Vo = a™ cos (ax + b + ?




V.

n™ Derivative of y = e™sin(ax + b)
Let y=e%sin(bx + ¢)
vy = ae™sin(bx + ¢) + e™Db cos(bx + ¢)
e®™ [asin(bx + ¢) + b cos(bx + ¢)]
e [ r cosa sin(bx + ¢) + r sina cos(bx + ¢)]
Putting a = r cosa, b = r sina
=e®™ ysin(bx+c+a)
Similarly v, = e r? sin(bx + ¢ + 2a)

v, = e " sin(bx + ¢ + na)
where 2 = a? + b? and tana =§
LYy = e (a?+ bz)Lz" sin (bx +c+n tan'I%)
Similarly if y = e"*cos (ax + b)
Vp, = €% 1" cos (bx + ¢ + na)
=e™ (a?+ bzﬁ cos (bx +c+n tan'li-)




Summary of Results

Function n'™ Derivative
y=e™™ Vu = a® ¢%*
( m!
—ag®(ax +b)mM ", m>0,m> n
_ 0, m =0, m o< n,
Yn = n! a™, m= n
(—1)"n!la™
. m= —1
\ (ax + b)ntt

v = log(ax + b)

(n—1)la”

y = (— =1
Mn ( 1)" (ax+b)n

v = sin(ax + b)

Y= a™ sin (ax + b + %)

v = cos(ax + b)

V= a™ cos (ax + b + %ﬂ-)

v = e sin(bx + ¢)

n b
Ve = e (a® + b?)Z sin (bx +c+n tan_lz)

vy = e cos(bx + c)

n b
Vnp = %% (a? + b2)z cos (bx +c+n tan‘lz-)




calculus

UNIT-1

TEXTBOOK: S.NARAYANAN AND T.K. MANICKAVACHAGAMPILLAY,S.VISWANATHAN

CHAPTER-3
PART-2

R.RAJALAKSHMI [G.L],GACW,RAMANATHAPURAM :



CONTENTS

EXERCISE:13

TEXT BOOK PAGE NO:75
TEXT BOOK PAGE NO:75
TEXT BOOK PAGE NO:75
TEXT BOOK PAGE NO:75
TEXT BOOK PAGE NO:75
TEXT BOOK PAGE NO:76
TEXT BOOK PAGE NO:76
TEXT BOOK PAGE NO:76
TEXT BOOK PAGE NO:77

i W ) o i )

ASSIGNMENT:

PROBLEM NO:1(1)
PROBLEM NO:1(2)
PROBLEM NO:1(3)
PROBLEM NO:1(4)
PROBLEM NO:1(11)
PROBLEM NO:3(i)
PROBLEM NO:3(ii)
PROBLEM NO:8(i)
PROBLEM NO:9(i)













































EXERCIsE:o(i) Find the n®" derivative of tan‘liE

: 1 x
Solution: Let y =tan >
dy 1 a a
= = =" = — =
Y17 g a( 1%) x2+a?  x%2—(ai)?
a
_ a

_a ( 1 1 )
(x+ai)(x—ai) 2ai \ x—ai x+ai

_1( 1 1 )
2i \ x—ai x+ai
Differentiating above (n — 1) times w.r.t. x, we get

o [(—1)"‘1(11—-1)! . (—1)"-1(1:—1)!]
In = 5 (x—ai)? (x+ai)™
Substituting x = 1 cosf@, a = r sin@ such that 6 = tan—li
_ ()" '(m-1)! 1 - 1
= Yn = 2i [r"(cose—i sin@g)n r“(cosa+isin0)"]

A YR—1720
. 2ir$‘n D [(cos @ — i sinB)~™ — (cos 6 + i sinf)~"]



Using De Motvre’s theorem, we get

_1\-1 1y
Yo = = mfln ) [cosnf + isinnf — cosnf + isinnf]

=1 _1\1
S r"( % sinng

_1\=1pm 4y
- 12 a(;n Lsinng  a=rsing
sinf

-1
-2 an(n Vsinng st where 0= tan'lg
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Description of Plane Curves

 Explicitform: ~ y = f(x)

» Implicit form: ~ F'(x, y) =0

» Parametric Form: 7 (¢) =[x(¢), y(t)]



Families and Envelopes

Consider a family of curves.The
envelope of the family is a
curve which is tangent to every
curve from the family

It is convenient to define a family
of curves in implicit form

F(x,v,a) =0 Wnhere (@ parameterizes the family

Then the envelope
IS given by

F(x,y,a)=0

@, \
—F(x,y,a)=0
oa







The curve I which is touched by a family of

Curves C is called the of the

family of




METHOD OF FINDING THE ENVELOPE

Lt the family of curves C be f (x,y.t) = 0 and let us assume
wiacurve E, the envelope ofthe family exists and that its equation

Let us also assume that for a particular value of f, say « it
puchesE at (£, 7). |

L.y, a)=0. (i)
andF (£,7) =0 i




ariable and taking totg|

Considering &, 1 .+ & independent V

differentials in (i), we have

Taking total differentials in (ii)




since the curves f (X.y.&@) = 0 and F (x, y) = 0 touch one
_17) . their gradients at (&, ) are equal.
of

another at (&

d
FOff(X.y,t‘t)'—:O, a}x(at(‘_!f,)]) -

For F(x.,y) = O.gJ‘/'at(E.r])
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Curvature of the circle is reciprocal
of its radius
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§ 1.3. Reduction formulae
§13.1. I, = [ x" e® dx, where .k
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